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that the trace is the sum of the eigenvalues (recall (7.1.7)) to conclude that
trace (T) =

∑
i,j λiµj =

∑
i λi

∑
j µj = trace (P) trace (Q).

7.1.22. (a) Use (6.2.3) to compute the characteristic polynomial for D + αvvT to be

p(λ) = det
(
D + αvvT − λI

)
= det

(
D − λI + αvvT

)
= det (D − λI)

(
1 + αvT (D − λI)−1v

)
(‡)

=


 n∏

j=1

(λ − λj)


 (

1 + α

n∑
i=1

v2
i

λi − λ

)

=
n∏

j=1

(λ − λj) + α

n∑
i=1


vi

∏
j �=i

(λ − λj)


 .

For each λk, it is true that

p(λk) = αvk

∏
j �=k

(λk − λj) �= 0,

and hence no λk can be an eigenvalue for D + αvvT . Consequently, if ξ is an
eigenvalue for D + αvvT , then det (D − ξI) �= 0, so p(ξ) = 0 and (‡) imply
that

0 = 1 + αvT (D − ξI)−1v = 1 + α

n∑
i=1

v2
i

λi − ξ
= f(ξ).

(b) Use the fact that f(ξi) = 1 + αvT (D − ξiI)
−1v = 0 to write

(
D + αvvT

)
(D − ξiI)

−1v = D(D − ξiI)
−1v + v

(
αvT (D − ξiI)

−1v
)

= D(D − ξiI)
−1v − v

=
(
D − (D − ξiI)

)
(D − ξiI)

−1v

= ξi(D − ξiI)
−1v.

7.1.23. (a) If p(λ) = (λ − λ1) (λ − λ2) · · · (λ − λn) , then

ln p(λ) =
n∑

i=1

ln (λ − λi) =⇒ p′(λ)
p(λ)

=
n∑

i=1

1
(λ − λi)

.

(b) If |λi/λ| < 1, then we can write

(λ − λi)
−1 =

(
λ

(
1 − λi

λ

))−1

=
1
λ

(
1 − λi

λ

)−1

=
1
λ

(
1 +

λi

λ
+

λ2
i

λ2
+ · · ·

)
.


